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Abstract 

We provide an example of Cherry flow (i.e. flow on the 2-dimensional torus 
with a sink and a saddle) having quasi-minimal set which is an attractor. The first 
return map for such a flow, constructed also in the paper, is a C°° circle map having 
a flat interval and a non-trivial wandering interval. 


1 Introduction 

1.1 Discussion and statement of results 

In 1986 Poincare conjectured the existence of a C°° flow on the 2-dimensional torus with 
a non-trivial minimal set. The conjecture was later disproved by Denjoy. In 1937 Cherry 
proved that the conjecture of Poincare is true if you ask the existence of a non-trivial 
quasi-minimal set. He constructed C°° flows on the torus, called Cherry flows, without 
closed trajectories and with two singularities, a sink and a saddle, both hyperbolic. The 
quasi-minimal set in this case is the complement of the stable manifold of the sink. The 
geometrical properties of the quasi-minimal set have been studied in i. in. m- In all 
the known examples the quasi-minimal set has zero Lebesgue measure and almost every 
orbit converges to the sink. In this paper we construct examples of Cherry flows having 
quasi-minimal sets which are non-trivial attractors. These examples have two coexisting 
attractors: the sink and the quasi-minimal set. 

The construction is based on the study of the hrst return map for a Cherry flow 
and on one of the fundamental question in circle dynamics: whether a circle map is 
conjugate to a rotation. One of the hrst steps in this area was done by Denjoy [2]. He 
proved that any diffeomorphism with irrational rotation number and with derivative 
of bounded variation is conjugate to a rotation. In the same paper he showed that the 
hypothesis on the derivative is essential by giving examples of diffeomorphisms with 
irrational rotation number which are not conjugate to a rotation. The reason for which 
the Denjoy function is not conjugate to a rotation is the presence of a wandering interval. 
A wandering interval I has the property that, for all n G Z, /"(/) fl / = 0 and /|” is a 
diffeomorphism. Since then examples of this kind, called Denjoy counterexamples, have 
attracted attention of many mathematicians. 
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Another important contribution given by Katok in [5] is a Denjoy counterexample 
which is C°° everywhere with the exception of one point which is a non-flat critical point 
of the function. A C°° circle function being not conjugate to a rotation and with at most 
two flat critical points was constructed by Hall in [1]. In [5] the author of this paper 
generalized Hall’s construction showing a piece-wise Denjoy counterexample having 
a flat half-critical point. 

Our aim is to further extend the ideas of |1] and [9]. We construct a C°° Denjoy 
counterexample having an arc of critical points all being flat. Our result is the following: 

Theorem 1.1. For any irrational number p G [0,1) there exists a C°°, non-decreasing 
circle map f of degree one and an arc U of the circle such that: 

• f{U) is a point, 

• f has rotation number p, 

• f is a Denjoy counterexample. 

Notice that the arc U is not a wandering interval for /, the forward iterates are not 
diffeomorphisms. We would like to stress that the techniques developed here and in 
are quite robust and can be used to produce more counterexamples. We give more details 
in Appendix. 

Our result not only contributes to the field of Denjoy counterexamples but also can 
be applied to study the quasi-minimal set 0 of Cherry flows. 

Using Theorer ril.il we are now able to study more subtle topological properties of the 
quasi-minimal set. We recall that any Cherry flow has a well defined rotation number 
p G [0,1) equal to the rotation number of its hrst return map to a chosen Poincare section 
and we state: 

Theorem 1.2. For any irrational number p G [0,1) there exists a Cherry flow with rota¬ 
tion number p and with guasi-minimal set which is an attractor. The basin of attraction 
of the guasi-minimal set has non-empty interior. 

Thanks to this result we are now able to control the long-time behavior of the orbits 
of a large class of Cherry flows. 

An interesting problem arising at this point is understanding physical measures of 
the flows constructed in Theorem 11.21 Observe that in the standard case of Cherry flows 
with a saddle point and an attractive point the answer to this question is easy: the Dirac 
delta at the attractive point is the only physical measure. For the flows of Theorem 11.21 
all questions remain open. For example we expect that physical measures are non-trivial 
measures concentrated on the attractor. For the reference we mention that the only 
studies of non-trivial physical measures concerned the case of inverted Cherry flows, viz. 
flows with a saddle point and a repulsive point, see [H], [13], [T3] . 

1.2 Notations and Definitions 

By = M/Z we denote the unit circle and by p G M, the map defined as 

Rp{d + Z) = (0 + p + Z) 

^The closure of any non-trivial recurrent trajectories is called a quasi-minimal set. 
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and called rotation by p. 

Let TT : M e-)■ be the projection of the real line to the circle and let / : i—)■ be 

a continuous map. We call a function F : M i—)■ R a lift of / if 

71 o F = f o 71. 

A lift F inherits regularity properties of / e.g. continuity, differentiability, smoothness. 
In the following we refer to maps of with minuscule letters e.g /. The corresponding 
capital letter F denotes a lift with the property F(0) G [0,1), which is unique. 

We recall that a continuous function / : has degree one if for all x G R, 

F(x + 1) = F{x) + 1. Moreover, / is said non-decreasing if its lift is non-decreasing. 

1.3 Rotation number 

Let / : I—)■ be a non-decreasing, continuous function of degree one then the limit 

, F'^(x) 

hm - 

n—>oo n 

exists for any x G R and it is independent of x. This limit is called the rotation number 
of / and will be denoted by p(/). 

p as a function of / is continuous: 

Proposition 1.3. //(/n)„gj^ is a family of continuous, non-decreasing functions of degree 
one and if fn fo uniformly then p(/„) p(/o). 

The rotation number is also non-decreasing: 

Proposition 1.4. If Fi < F 2 then p(/i) < p(/ 2 )- Moreover if p{fi) or p{f 2 ) is irrational 
then p(/i) < p(/ 2 ). 

2 Proof of Theorem 11.11 

2.1 Technical Lemmas 

Lemma 2.1. Let / : be a continuous, non-decreasing, degree one function with 

irrational rotation number p G [0,1). Then the following statements are eguivalent: 

1. f is a Denjoy counterexample, 

2. f has not dense orbits, 

3. f has a wandering interval, i.e. there exists a non-empty interval / C such that, 
for all n,m e Z, n m, /”(/) fl /”^(/) = 0, 

4 . there exists an interval / C such that |/| > 0 and |/”'(/)| —?• 0 for n -foo. 

The proof of this lemma can be found in [1], p. 263. 

In the following, for all m G N the derivative of order m of a real function F in a 
point X will be denoted by F*^™^(x). 
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For F : M I— )■ M, a j-times differentiable map we define 


F\\c3 = snp 


Lemma 2.2. Let n G N odd (resp. even) and let / : i—)■ be a , non-decreasing, 

degree one function, for which there exists an interval U = 7i{a, b) such that for all 
X e (a, 6) and for all m eN, = 0. 

Then, Ve G (0, V(5 G (0,1), there exists a C^, non-decreasing, degree one function, 

f = fn,e,s : I—)■ satisfying the following conditions: 

1. \\F-F\\c„ <5, 

2- p{f) = p{f), 

3. |FW(a;) -FW(x)| < 6F^^\x), Va: ^ {a - \(h - a),h + \{h - a)), 

4- for all m G N, F^"^\x) = 0 ^ x E {a,a + U (a + ||, b) (resp. x E {a,b — U 

Proof. The proof of this lemma is the same of the proof of Lemma 5 in [1] or Lemma 2.2 

in [9]. □ 

Lemma 2.3. Let n G N odd (resp. even) and let / : be a , non-decreasing, 

degree one function. 

We assume that there exist e > 0 and two intervals / = (a, a + ^) (resp. I = {a, b— ) 

and J = (a + ||, 6) (resp. J = {b — ^,b) ), such that for all m E M.' 

X E lU J ^ F^^\x) = 0 

and suppose that there exists a positive integer r such that f''{I) E {h — h) (resp. 
f^{J) E {a,a + 2 ^))- 

Then, Ma E (0,1), 3(7 = gn,e,a : a , non-decreasing, degree one function 

satisfying the following conditions: 

1. \\G-F\\,„<a, 

2- pig) = pif), 

3. < aF'd)(^x), Vx ^ (a — |(6 — a),h + |(6 — a)), 

4 . Qb^^x) = 0 X G J (resp. I), 

5. on some left-sided (resp. right-sided) neighborhood of a^ (resp. b — ^), f can 
be represented as hi^niia + ^ — x)"'"''^) (resp. K^nUx — b— ^)"‘~^^)) where hi^n (resp. 
hr^n )is a C°°-diffeomorphism on an open neighborhood of a + ^ (resp. b — ^), 

6. G"’(/) d (6 - h) (resp. G^iJ) d (a, a + 1 ^)) 

Proof. The proof of this lemma is the same of the proof of Lemma 6 in [1] or Lemma 2.3 

in [g. □ 
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2.2 Proof of Theorem 11.11 

Proof. Let p G [0,1) and e G (O, |) be two fixed irrational nnmbers. We start with a 
non-decreasing, degree one, circle map / and an interval Uq = 7r(ao, &o) of length I snch 
that 

OO 

'>2E^ (2-4) 

i=0 

and 


• Vm G N, F^^\x) = 0 a; G (oq, ho), 

• on some right-sided neighborhood of ho, f can be represented as hrfi{{x — ho)^) 
where hr^o is a C°°-diffeomorphism on an open neighborhood of ho, 

• on some left-sided neighborhood of oq, / can be represented as hifl{{ao — x)"^) where 
hifl is a C°°-diffeomorphism on an open neighborhood of qq. 

For all t G [0,1) we consider Ft = F + t and we choose to snch that p{fto) = P- The 
existence of such a to is guaranteed by Proposition 11.31 

We denote by fo = ft^ and by / a proper subset of fo^{ho — e, &o) having strictly 
positive length. 

The Denjoy counterexample will be constructed as limit of a sequence of functions: 


ifn ■ HG- 

for which there exist a sequence of arcs {f/n}neN with 

Un hyi)) and Un C Un—1 

and a sequence of integers fulfilling 

1 = ro and < r„+i 


such that, for alH G N the following conditions are satisfied: 


1. /j is a C*, non-decreasing, degree one map, 

2- p{fi) = P, 

3. Vm G N, fI'^\x) = 0 if and only if x G (oj, hi), 

4. if i is odd (resp. even) on some right-sided neighborhood of / can be represented 

as hr^i{{x — (resp. hr^i{{x — where is a C°°-diffeomorphism on an 

open neighborhood of hi. 


5. if i is odd (resp. even) on some left-sided neighborhood of a,, / can be represented 
as hi^i{{ai — x)*"*"^) (resp. hi^i{{ai — x)*"*"^)) where hi^i is a C°°-diffeomorphism on an 
open neighborhood of a,. 


6. |f/i| = |f/.-i|-^, 
7 II F. _ F. ,11 . < J_ 
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8. \F^^\x) - f£1(x)| < Vx ^ (oi - l{bi - ai),bi + 1(6* - a*)), 

9. 0 < |// (/)| < if rk-i <j<rk for fc G {1,2,... ,i}, 

10. // (/) n f/j = 0, if 0 < j < rj and 


/r (/) 


T^ibi — 6i) if i is even 

7r(aj, tti + ji) ii i is odd 


The sequence {/njneN will be constructed iteratively. Suppose that we have /„. We 
produce fn+i by perturbing /„ in the way that the conditions (I)-(IO) are still satished. 
We suppose n odd (the case of n even is analogous), then (J) d 7r(an, an + ^). 

We £x 5 G (0,1). By Lemma 12^ applied to /„ we produce a C”, non-decreasing, 
degree one function fn ,5 ■= fne ^ 



0 X G 



2e 


bn). 


We study now the orbit of / under fn, 5 . Observe that by construction F^^ ^ F^ for 
5 — )■ 0 uniformly for i G {1, 2,..., r^}, then we can fix 5' < 5 < 1, such that: 

fn,S' (^) < <j<rk, /c G {1, 2,. .., n}, 


and 


Pn,S' a) n (7„ = 0 for all 0 < j < r„ 


fn^a) C irK,a„ + —). 


(2.6) 


( 2 . 6 ) 


Let us now study the orbits of Jn = 7r(a„,a„ -|- ^) under fn,s'. We may have two 
different cases: 


• there exists m > 0 such that fnS'i'Jn) ^ Un, 

• for all m > 0, ^ Un- 

Observe that the second situation never occurs. In fact, in such a case we can construct 
(/ : —)■ being non-decreasing function of degree one, which is equal to fn, 5 ' everywhere 
except on f/„ \ 7r(a„ -f .^,bn). Moreover, g can be chosen so that on some right-sided 
neighborhood of 0 ^- 1 -^ it is equal to hr,n{{x — {an + ^))‘^~^^) for some C°° -diffeomorphism 
hr^n- Such g belongs to the class of functions with a flat interval (being Jn in this case) 
studied in [3] (see property (5)). We notice that g^{Jn) = fn,s'i'^n) thus the orbits of 
g are not dense. By Lemma 12.11 it has a wandering interval and therefore contradicts 
Corollary to Theorem 1 in [5]. 

We study now the hrst case. The aim is to prove that there exists 6 " (smaller than S' 
if necessary) such that 

f:^,„iJn)^7r{bn-^^,bn). (2.7) 

Because of the fact that the rotation number is irrational fn{Un) does not enter into Un 
and we may suppose that /^(Un) approaches Un from the right side. Observe that the 
functions fn ,5 approximate /„, in particular 

Wn) ^ mUn), 
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as 5 \ 0. Moreover 6 i—)■ /^^(Jn) is continuous and the set 

>l = {/SW''5e[0,y]}. 

is an interval of containing and f^{Un)- The proof is concluded once we 

observe that, because of the fact that the rotation number p is irrational, A n = 0, 
so A covers a portion of the interior of 7r(a„ + ^,bn)- Because we are supposing that 
f^(Un) approaches Un from the right side, we can choose S" < 6 ' if necessary such that 
is contained in a sub-interval of nipn — bn)- 
We denote by a„+i = an + ^, bn+i = bn and consequently Un+i = 7r((a„-t-^, bn))- We 
fix (T > 0 and we apply Lemma 12731 to the function fn,s"- We get a non-decreasing, 
degree one map fn+i,a = fn+i,e,^£^ : such that for all m G N, 

Fi+laix) = 0 ^X e {an+ 1 , bn+l)- 

Finally we define r„+i = Since uniformly for all i G {1, 2,..., r„-|- 

m} and since /* (/) is a singleton for i > r„, then we get that (we set fn+i = fn+i,a)- 

|/n+l (^)l < ^ 


for all rfc_i < j < r^, with fc G {1, 2,..., n}, and 


if rn<j< Tn+l- 

By 02.51) ■ 02.6P and 02.Zp . since fn+i^a fh uniformly for alH G {1, 2,..., r„+i}, then 

/n+i (/) n Un+i = 0 for all 0 < z < r„+i 


and 


fnti 

So we have constructed a sequence of functions {fk)km satisfying (I)-(IO) for all 
n > 1. By condition (7) the sequence {fk)km converges in the sense of the norm || ■ ||c^ 
for all n. Then the limit function / is a C°°, non-decreasing, degree one circle map which 
has rotation number p (see (1), (2), (3), (4) and (5)). Let consider now a = hm„a„ and 
b = hm„6„ and U = 7i{a,b)- By (3) and (8) F^^\x) = 0 if and only if a: G (a, 5) and by 
(6) and the assumption on the size of Uq fsee 12.dp . U has strictly positive length. 

Finally, by conditions (9) and (10), 

\fn (^)l -^0 for i -7cx) 


uniformly in n, and then 


/*(/)[ —)■ 0 if z —)■ -l-cxD. 


By Lemma [2.11 f has a wandering interval and thus it is not conjugate to a rotation. 

□ 
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3 Applications: Cherry Flows 

3.1 Basic Definitions 

Let X be a vector field on the torus T^. Denote the fiow through a point x by 
t -)■ Xt{x). 

The u-limit set of a positive semi-trajectory 7 ^( 0 ;) is the set 

a;( 7 +(a;)) = {y : 3tn 00 with Xt„{x) y }, 

and a-limit set of a negative semi-trajectory 'y~{x) is 

a{'y~{x)) = {y :3tn-^ 00 with X_t^{x) y} . 

The cj-limit set (a-limit set) of any positive (negative) semi-trajectory of the trajectory 
7 is called cn-limit set a;( 7 ) of 7 (a-limit set a ( 7 ) of 7 ). 

The trajectory is cn-recurrent (a-recurrent), if it is contained in its cn-limit set (a-limit 
set). The trajectory is recurrent if it is both cn—recurrent and a—recurrent. A recurrent 
trajectory is non-trivial if it is neither a fixed point nor a periodic trajectory. 

Definition 3.1. A Cherry flow is a C°° flow on the torus without closed trajectories 
which has exactly two singularities, a sink and a saddle, both hyperbolic. 

The first example of such a fiow was given by Cherry in [1]. 

3.2 Basic Properties of Cherry Flows 

We state now basic properties of Cherry flows. For more details the reader can refer to 

0. i. mi- 

Given a Cherry fiow X we can always find a circle which is not retractable to a 
point and is everywhere transverse to X. It is called a Poincare section. 

The first return map / of X to turns out to be a continuous degree one circle map 
which is constant on an interval U (it corresponds to the interval of points which are 
attracted to the singularities). 

Definition 3.2. Let j be a non-trivial recurrent trajectory. Then the closure of j is 
called a quasi-minimal set. 

Every Cherry fiow has only one quasi-minimal set which is locally homeomorphic to 
the Cartesian product of a Cantor set D and a segment I. Moreover D is equal to the 
non-wandering selH of the first return function /. 

We give now the definition of attractor. For more details on the concept of attractor 
the reader can refer to [7]. 

Definition 3.3. Let M be a smooth compact manifold. A closed subset A <Z M is called 
an attractor if it satisfies two conditions: 

1. the realm of attraction A(A) consisting of all points x G M for which uj{x) C A, 
has strictly positive Lebesgue measure; 

^the set of the points x such that for any open neighborhood V ^ x there exists an integer n > 0 such 
that the intersection of V and /"(F) is non-empty. 



2. there is no strictly smaller closed set A' <Z A so that A(y4') coincides with A(A) up 
to a set of zero Lebesgue measure. 

The first condition says that there is some positive possibility that a randomly chosen 
point will be attracted to A, and the second says that every part of A plays an essential 
role. 

We are now ready to construct an example of Cherry flow whose quasi-minimal set is 
a attractor. 

3.3 Proof of Theorem 11.2 

Proof. Let p be an irrational number and let / be the Denjoy counterexample constructed 
in Theorem 11.11 having rotation number p. By suspending /, we get a Cherry flow X 
having first return map /. We claim that the quasi-minimal set Q of W is an attactor. 
Let be the Poincare section and let / C be the wandering interval of /. Then 
u:{I) C Q and the realm of attraction A((5) has positive Lebesgue measure. Point 1 of 
Dehnition 13.31 is satisfied. 

For point 2, by Definition l3.21 Q = j with 7 a non-trivial recurrent orbit. In particular 
7 C a;(7) C 7. Let Q' <Z Q he a closed set such that A{Q') = A{Q). Then 7 C Q' and 
consequently Q = Q'. The proof is now complete. □ 
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4 Appendix 

The aim of this section is to show that the techniques used for proving Theorem [LT] com¬ 
posed with the ones of [H] are robust and allow to produce more Denjoy counterexamples. 
We can in fact prove that: 

Theorem 4.1. Let p be a point on the circle. For all irrational numbers p G [0,1) there 
exists a circle homeomorphism / : —)■ with rotation number p and an arc of the 

form U = (p, •) (resp. U = {-^p)) which satisfy the following properties: 

• f is piecewise C°°, 

• f is a map on \ {p} 

• f is constant on U, 

• p is a flat half-critical poin% for f, 

• f is a Denjoy counterexample. 

^For a piecewise C°° function / : a point p G is said flat half-critical if the left (resp.right) 

derivative of / at p is not zero and the right (resp. left) derivatives of any order are zero. 
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Proof. We give just an outline of the proof. 

We fix p G and we denote by p' = Let p G [0,1) and let e G (O, |) be two 

fixed irrational numbers. 

We consider a piecewise C°°, non-decreasing, degree one, circle map /o and an interval 
Uq = vr(p', bo) of the length I such that 


I >2y"- 

2 * 

i=0 

such that 

• Vm G N Fq^\x) = 0 X G (p', bo), 

• the left derivative of /o, FoL^^(p') > K > 0, 

• on some right-sided neighborhood of bo, fo can be represented as hrp{{x — bo)^) 
where is a C°°-diffeomorphism on an open neighborhood of bo- 

We denote by J a proper subset of /o~^(&o — e, &o) having strictly positive length. 

The Denjoy counterexample will be dehned as the limit of a sequence of functions: 

ifn ■ —)■ 

for which there exist a sequence of arcs {LnjneN with 

Un = vr((p', 6„)) and C Un-i 

and a sequence of integers 

1 = ro and < Vn+i 

such that, for alH G N the following conditions are satished: 

1. /j is a piecewise C°°, non-decreasing, degree one map, 

2- p{fi) = P, 

3. Vm G N, F^^\x) = 0 if and only if x G (p', bf), 

4. the left derivative of ft, (p') > W > 0, 

5. on some right-sided neighborhood of bi, f can be represented as hr^i{{x — 
where j is a C°°-diffeomorphism on an open neighborhood of bi, 

6. |f/*| = |f/.-i|-^, 

7 II p. _ p. ,11 . ^ J_ 

• ll"^ ^ ^—1|IC^ ^ 2*’ 

8. |f/^^(x) - F£i(x)| < f/^^(x)^, Vx i (p' - \{bi-p'),bi + \{bi-p')), 

9. 0 < \fl (J)| < if Tk-i <j<rk for /c G {1,2,.. .,i], 

10 . // (J) n f/i = 0, if 0 < j < r* and /f (J) d Ti{bi - bi). 

The existence of such a sequence can be proved following the steps of the proofs of 
Theorem [LT] and Theorem 1.6 in [9]. 

The limit function will then has the properties stated in the theorem. In particular 
it will be a Denjoy counterexample by points (9), (10) and Lemma [2.11 □ 


10 




References 

[1] T. Cherry: Analytic Quasi-Periodic Curves of Discontinuous Type on a Torus. Proc. 
Lend. Math. Soc. 44, 175-215 (1938) 

[2] A. Denjoy: Sur les courbes definies par les equations differentielles a la surface du 
tore. Journal de mathematiques pures et appliquees 9e serie 11, 333-376 (1932) 

[3] J. Graezyk, L. B. Jonker, G. Swiqtek, F. M. Tangerman and J. J. P. Veerman: 
Differentiable Circle Maps with a Flat Interval. Commun. Math. Phys. 173, 599-622 
(1995) 

[4] G. R Hall: A C°° Denjoy counterexample. Ergodic Theory and Dynamical Systems 
1, 261-272 (1981) 

[5] M. Herman: Notes on an example of a. b. Katok. Handwritten notes. 

[6] M. Martens, S. van Strien, W. de Melo and P. Mendes: On Cherry flows. Ergodic 
Theory and Dynamical Systems 10, 531-554 (1990) 

[7] J. Milnor: On the Concept of Attractor. Commun. Math. Phys. 99, 177-195 (1985) 

[8] I. Nikolaev, E. Zhuzhoma: Flows on 2-dimensional Manifolds. Springer-Vergal Berlin 
Heidelberg, (1999) 

[9] L. Palmisano: A Denjoy counterexample for circle maps with an half-critical point. 
Mathematische Zeitschrift 280(3), 749-758, (2015) 

[10] L. Palmisano: A phase transition for circle maps and cherry flows. Commun. Math. 
Phys. 321(1), 135-155 (2013) 

[11] L. Palmisano: Sur les Applications du Cercle Avec un Intervalle Plat et Plots de 
Cherry, PhD thesis, Universite Paris-Sud XI, (2013) 

[12] L. Palmisano: Unbounded regime for circle maps with a flat interval. Discrete Contin. 
Dyn. Syst. 35(5), 2099-2122 (2015). 

[13] L. Palmisano: On Physical Measures for Cherry Flows. Fund. Math. 232(2), 167-179 
(2016). 

[14] R. Saghin, and E. Vargas. Invariant measures for Cherry flows. Commun. Math. 
Phys. 317(1), 55-67 (2013) 

[15] J. Yang. Cherry flow: physical measures and perturbation theory. 
http://xxx.tau.ac.il/pdf/1502.06179vl.pdf. Preprint (2015) 


11 



